Structure Inversions In Structure-Dependent Coordinates
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We present techniques for performing structure
inversions parameterised by the acoustic and buoyant
radial coordinates.

Motivation: Natural Coordinates Numerical Results: p-modes

Structural and dynamical perturbations to a star perturb its normal-mode frequencies We implement solutions to eq. (7) using the method of Neumann series, accelerated

through integral expressions that may be written in the form using jax (Bradbury et al., 2018), shown applied to the ¢, p kernel pair in fig. 2. More-
over, the functional derivative in eq. (7) may be constructed either to maintain a fixed
oW, ~ Z / Kz‘,k("“) 5fk(r) dr. (1) total acoustic radius, or to permit it to vary under perturbations to the sound speed.
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. . . . . . Figure 3: We successfully performed inversions for Lagrangian sound-speed differences in a model-
Ong et al. (2024) successfully applied this technique to rotational inversion. Can we do  model comparison. (a) OLA sound-speed inversions using our modified kernels; the recovered sound-
the same for inversions for stellar structure? speed differences agree better with the Lagrangian than Eulerian differences. (b) In order to compare
stellar models with different acoustic radii, the reference model frequencies, and sound speed, had to
Lagrangian vs. Eulerian Kernels be scaled by an assumed value of the (notionally unknown) reference acoustic radius. However, both the
ground-truth and inversion results transform in the same way using different choices of this assumed

acoustic radius.

Consider two stellar structures — a "reference” structure with sound-speed profile ¢ (r),
and a "target” structure with sound-speed profile ¢ (r). The standard set of inversion
kernels in eq. (1) relate frequency perturbations éw to Eulerian structural differences: ISl NLCR LR HR = 1o]s (1

e.g.
dc(r) = c(r) — ci(r) (4)  Weapply eq. (7) (generalised to the buoyancy radial coordinate) to the N?, p kernel pair,
where differences are taken at the same physical radius in both the reference and shown in fig. 4. Unlike the Eulerian picture, the Lagrangian N* kernels are zero-mean.
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itself. Figure 4: Lagrangian N*and p kernels for the £ = 1, n, = 10 g-mode of the “reference” model from Vanlaer

[ Compare this with how Eulerian f' and Lagrangian &f are related as 6f= ' + € - Vf] et al. (2023). Line colours and styles have the same meanings as in fig. 2.

This in turn means that the kernels for Lagrangian sound-speed differences, K., are Eulerian inversions with g-modes are plagued by nonlinear phenomena (Vanlaer et al,
related to the Eulerian kernels K, of eq. (1) as 2023); one symptom of this is that the kernels of the target and reference model ap-
pear different when plotted on the same axes. This does not affect buoyancy-radius

7 ( ) (f_ti( (t( )) dc( ,)5?5(7’/) C.ti{ (t( ,)) q ) ) Lagrangian kernels; they may well be the only meaningful path to g¢-mode inversions.
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Solving for K. from eq. (7) (a Volterra integral equation) is not trivial, but may be done

. ) . ' . Bradbury, J., Frostig, R., Hawkins, P, et al. 2018, JAX: composable transformations of Python+NumPy programs, 0.313. http:
numerically. More general expressions (summing over indepedent perturbations) are //github.com/google/jax
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